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1 Introduction

Classically, tools that perform code optimization require information on which
variables are used by a given piece of code, which are overwritten, and which are
killed i.e. completely overwritten. This is particularly true when trying to op-
timize adjoint code produced by the reverse mode of Automatic Differentiation
(AD), which poses serious problems of run time and memory consumption. To
this end, in addition to the classical program analyses, e.g. Read-Write, some
entirely new and specific analyses have been defined by several research groups,
in particular Adjoint Liveness analysis, To Be Recorded (TBR) analysis, and
Adjoint Write analysis. These three analyses appear tightly related.

Adjoint code has a particular structure, defined by the model of reverse AD.
We are going to use this structure of adjoint programs to define the AD-specific
data-flow analyses, then we will derive formally their rules from those of classical
data-flow analyses. In this process, we will take advantage of characteristics of
adjoint codes such as the control flow symmetry between forward and backward
sweeps or the strategy that restores intermediate variables. Any general-purpose
data-flow analyzer will not be able to take advantage of these complex behav-
iors a posteriori on the adjoint program. Therefore, we shall define AD-specific
data-flow analyses that will run on the original code, incorporating knowledge
on how the adjoint code will derive from it. We will obtain a formal, uniform
specification of the three analyses above. We will demonstrate data-flow proper-
ties of adjoint codes and highlight the relationship between the three analyses.
This specification also gives a firm foundation for implementation inside AD
tools.

2 Context

We focus on adjoint programs, produced by the so-called reverse mode of Auto-
matic Differentiation (AD). We just need to recall that adjoint programs com-
pute derivatives in an order which is the inverse of the original program’s exe-
cution order. Since the derivatives use the values of intermediate variables from
the original program, some strategy must be applied to restore these values
when they are needed. The classical alternatives are the Recompute-All (RA)
and the Store-All (SA) strategies. In this paper, we restrict to the SA strategy,
although we believe that the following specifications and demonstrations can
be adapted to the RA strategy with minor adaptations. For a given original



program P, all the derivative instructions form the so-called backward sweep P.
Ehe intermediate variables of P are computed during a so-called forward sweep
P that also stores them on a stack. These variables will be retrieved from the
stack during the backward sweep. The adjoint program P is made of P imme-
diately followed by P. We also consider the checkpointing strategy, that trades
duplicate execution of some part of P in P for a smaller maximum size of the
stack.

From the general theory of data-flow analysis, we single out the classical rules
of the following analyses, that we will formally specialize for adjoint programs
to get the rules for the three adjoint data-flow analyses. Consider any piece of
program X:

e W(X)is the set of all variables at least partly overwritten during execution
of X. For two successive pieces of program A and B, we know we have
W(A;B) = W(A) UW(B). However, for any matching PUSH/POP on
a stack, we have: W(PUSH(v); A; POP(v)) = W(A) \ {v}.

o K(X) is the set of all killed variables, i.e. completely overwritten by
X. For two successive pieces of program A and B, we take the standard
conservative under-approximation K(4; B) = K(4) U K(B).

e R(X) is the set of all variables read by X. For two successive pieces of
program A and B, the variables killed by A hide the variables read by B,
so that R(A; B) = R(4A) U(R(B) \ K(4))

e N(X) is the set of all “live” variables, i.e. variables necessary to produce
the output of X. For two successive pieces of program A and B, it is
easy to show that there exists dependence relation Dep(A) between the
inputs ant the outputs of A, and a combination operator ® such that
N(A;B) = N(B) ® Dep(A).

3 Adjoint Data-Flow analyses

In this central section, we define the three adjoint data-flow analyses and we
formally derive their operational rules by specialization on adjoint codes of the
standard data-flow analyses. The plan is as follows. Initially, we give a complete
model of adjoint programs, that takes into account the Adjoint Liveness, To
Be Recorded, and Adjoint Write analyses, in order to produce an improved
adjoint code. Then we formalize these analyses using this specification of adjoint
programs, starting with TBR analysis. Notice that this a priori introduces a
circularity into the definition. After proving an important lemma about the
variables left unmodified by an adjoint program, we are able to derive specific
rules for Adjoint Liveness analysis. We can then show that the definitions
circularity mentioned above disappears if Adjoint Liveness is run first, followed
by To Be Recorded and then by Adjoint Write. We then derive the rule for the
Adjoint Write analysis, in the context of checkpointing.



The complete model for adjoint programs is:

UrL,D = [PUSH(W(I) N R(I’;F));I;] if adj-live(I, D)
[U7I] FD; - (1)
[POP(W(I) N R(I'; U));] if adj-live(I,D)
II

This model defines the adjoint code of a piece of P that starts with an instruction
1, followed by a downstream sequel D that goes to the end of P, in the context
of the previous upstream instructions U. This definition recursively uses the
adjoint of D in the context [U;I]. On this model, we see that the PUSH/POP
is required before instruction I only for variables that are both overwritten by
I and necessary for the reverse sweep R(I’; (ﬁ) of instructions I and upstream.

The model thus requires an analysis that returns R((ﬁ) This analysis is the
center of the TBR analysis. We also see that instruction I, along with its PUSH
and POP, may be dead code in the case where the output of I is not necessary
for D. We define predicate adj-live(I, D) = (W(I)NN(D) # (), which embodies
the effect of Adjoint Liveness analysis on the model. It is worth noticing that the
output of the adjoint P does not include the output of P. Only the derivatives are
of interest, and besides the original output of P is often destroyed by the restoring
mechanism. Therefore the necessary variables of an empty downstream sequel
D =[]is N(UF []) = 0. So the last I in P is dead code in P, and sometimes
several instructions before the last I are recursively dead too.

After specializing the rules for the R analysis to obtain the rules for the TBR
analysis R(?), we prove an important lemma that states that the PUSH/POP
mechanism inside D indeed works well, i.e. it leaves unchanged all variables used
in l(ﬁ . This is proved by induction on the length of D, examining separately
both possibilities for adj-live and the cases where a variable is a member of W(I)
or not. Using this lemma, we are able to derive specialized rules that compute
N(D), recursively on the tail of D. We observe that the result is independent
from the context U, and we obtain the simple recursive rules:

N({D = 0

- B _ (2)
N(I;D) = N(I)U(N(D)® Dep(I))

Intuitively, this states that a variable is necessary either because it is used in the
differentiated instruction of I, or because it is not modified in I and necessary
for D, or because it is used to compute an output of I which is necessary for D.
Finally, in the context of checkpointing a part C' of P, e.g. a procedure call,
followed by a downstream sequel D, we show that the set W(D) is also required,
therefore introducing the Adjoint Write analysis. We derive the specialized rules
for this analysis, and underline that W (D) is often a smaller set than W(D),
thanks to the PUSH/POP mechanism. Since the set of variables that must be
stored to run C twice (the “snapshot”) is defined as N(C) N (W(C) U W(D)),
this allows checkpointing to take smaller snapshots before the first execution of

C, therefore saving memory space in the adjoint program.



4 Application and Performance measurements

We show the use of adjoint Data-Flow analyses on a procedure taken from an
industrial Navier-Stokes flow solver. Three effects are particularly visible:

e Adjoint Liveness analysis allows reverse AD to remove several instructions
at the end of the forward sweep, as well as their PUSH and POP calls.

¢ TBR analysis allows reverse AD to remove yet other PUSH and POP calls.

e Since the procedure is checkpointed, Adjoint Write and Adjoint Liveness
analyses yield smaller snapshots for this procedure, saving crucial memory
space.

We give measurements of improvements in terms of execution time and memory
space on some example applications. The execution time can be reduced by up
to 10%, but the most notable gain is on memory space, where snapshots are
sometimes reduced by 50%.

5 Conclusion

The goal of producing optimal adjoint programs is still not completely reached,
and several other program optimizations will be necessary. We believe a formal
description, like the present one, of analyses for adjoint programs is necessary
to define safely and to compare these analyses yet to come. Adjoint Data-Flow
analyses are tightly linked, which makes their study difficult. In particular,
we point out a tradeoff between TBR analysis and snapshots which should be
studied, and could bring additional improvements.

This formal study is also a firm foundation for implementation. In particular
the AD tool TAPENADE progressively implements the analyses we described here.
We believe more can be gained with this adaptation of techniques that originate
from compilation or parallelization into AD technology.
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