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Abstract

An elimination procedure based on Schur complement calculation is
proposed for restoring the nonzero elements of a sparse Jacobian matrix.
We provide a sparsity usage parameter that can be specified by users to
tune the cost of matrix-vector product calculation and the cost of restora-
tion of the nonzero entries. We employ Pascal seeding to compress the
Jacobian matrix. Preliminary numerical test results are promising.
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To determine sparse Jacobian matrices efficiently it is necessary to exploit in-
formation such as sparsity and other special structure such as symmetry. Given
“seed” matrix S ∈ Rp×q, the Jacobian matrix A ∈ Rm×p can be “compressed”
by computing the product AS using AD forward mode. The nonzero entries
of matrix A can be recovered (i.e. restored) by solving for them in the linear
system of equations

AS = B

where B is the (column) compressed Jacobian matrix obtained via AD forward
mode. Direct methods allow the nonzero entries to be “read off” the compressed
Jacobian. However, optimal direct determination of the Jacobian matrix is
hard a problem [7]. On the other hand, with certain class of seed matrices the
nonzero entries of A can be obtained indirectly via substitution or elimination
[3]. While indirect methods in general are more efficient than direct methods in
that they typically require fewer matrix-vector products, numerical precision of
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the computed quantities may suffer due to round-off errors. In the elimination
proposal of Newsam and Ramsdell [8] two classes of seed matrices have been
considered: the Vandermonde and the Chebyshev-Vandermonde. While the
Vandermonde seeding allows efficient solution of the reduced linear system for
the nonzero entries in each row, the poor numerical conditioning makes this
method impractical except for when the number of nonzero entries in each row
is very small. Geitner, Utke, and Griewank’s proposal [1] uses graph coloring
to improve the numerical conditioning of the computed entries with Newsam
and Ramsdall approach. More recently Griewank and Verma [4, 5] and Hossain
and Steihaug [6] suggested elimination schemes that employ new classes of seed
matrices. With the Pascal seeding [5, 6] the numerical accuracy of the computed
quantities has been found to be very favorable compared with Vandermonde
systems. As well, the resulting linear systems can be solved for the unknowns
efficiently by utilizing the special structure of the Pascal seed matrix. In the
present work, we propose an extension to the elimination scheme that retains
the superior numerical conditioning while economizing computational effort in
the reduced system solve.

We use MATLAB [9] matrix notation as in Golub and Van Loan [2]. Let v
and z be vectors of column indices of nonzero and zero elements, respectively,
of some row r of A and let ρ denote the number of nonzero elements in row r.
Suppose S ∈ Rp×q be a Pascal seed matrix and assume that the compressed
Jacobian B = AS has been computed. Define Z ∈ Rd×p, d = (p− q), q ≥ ρ

Z(i, :) = eT
z(i), i = 1, . . . , d

where ek is the kth coordinate vector. Now consider the matrix

W =
(

ST

Z

)
,

and let
A(i, v) =

(
α1 · · · αρ

)
= αT , α ∈ Rρ,

B(i, :) =
(

β1 · · · βp

)
= βT , β ∈ Rp .

Then,
Wx = b (1)

with x = (α 0) and b = (β 0) with appropriately dimensioned zero vector 0.
Let the matrix W be partitioned as 2 × 2 blocks so that the Equation (1) can
be written as: (

S1 S2

Z1 Z2

) (
x1

x2

)
=

(
b1

b2

)
(2)

where S1 = S(1 : q, 1 : q)T is the upper triangular part of the Pascal seed ST

and the vectors x and b are partitioned accordingly. Let 0j denote the zero
vector in Rj . Then column i in the seed matrix S is (row i in ST )

[0i−1 u 0p−d−i]
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where component j in u ∈ Rd+1 is the binomial coefficient
(

d
j − 1

)
. Equation

(2) can be solved for x as below.

1. Compute: −Z1S
−1
1 S2 + Z2

2. Solve for x2: (−Z1S
−1
1 S2 + Z2)x2 = −Z1S

−1β

3. Solve for x1: S1x1 = β − S2x2

In step (1) computing the product Z1S
−1 correspond to simply picking out the

rows in the inverse of S1 corresponding to the known zeros and Z1S
−1
1 S2 is

computed as d matrix-vector products. Z2 is 0 − 1 matrix. Hence we have
to solve a d × d system. An important observation here is to note the special
properties of block S1. S1 is upper triangular and the nonzero entries are the
binomial coefficients:

S1(i, j) =


(

d
j − i

)
if j ≥ i, |j − i| ≤ d

0 otherwise
, 1 ≤ i, j ≤ d + 2 . (3)

The structure of matrix S1 is shown below.

S1 =



(
d
0
) (

d
1
) (

d
2
)

· · ·
(

d

d

)
0

0
(

d
0
) (

d
1
)

· · ·
(

d

d− 1
) (

d

d

)
0 0

(
d
0
)

· · ·
(

d

d− 2
) (

d

d− 1
)

...

0 0 0 · · · 0
(

d
0
)


.

Then S1
−1 is upper triangular and is given by

S1
−1(i, j) =

 (−1)j−i

(
d+j−i−1

d− 1
)

if j ≥ i

0 otherwise
, 1 ≤ i, j ≤ d + 2 . (4)

Figure (1) shows the Schur-complement elimination matrix W with p = 8
and q = 5. Vector z shows that columns 1, 4, and 5 contain zero in some row
r of the Jacobian matrix. The remaining q = 5 elements are nonzero which are
to be determined. We must note that ρ ≤ q ≤ p is an important user supplied
parameter. With q = ρ the number of matrix-vector products needed is minimal
but with a corresponding increase in the computational cost for restoring the
nonzero elements, while q = 0 results in direct determination of the nonzero
entries.
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Figure 1: Schur complement method with Pascal seeding when p = 8 and q = 5.

W =



1 3 3 1 0 0 0 0

0 1 3 3 1 0 0 0

0 0 1 3 3 1 0 0

0 0 0 1 3 3 1 0

0 0 0 0 1 3 3 1

1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0



, S1 =



1 3 3 1 0

0 1 3 3 1

0 0 1 3 3

0 0 0 1 3

0 0 0 0 1


, z =

(
1 4 5

)

Using (4), the inverse of S1

S−1
1 =



1 −3 6 −10 15

0 1 −3 6 −10

0 0 1 −3 6

0 0 0 1 −3

0 0 0 0 1


.

We have no rounding errors in computing the Schur complement since it is all
integer computations. An estimate of the numerical conditioning of S1 in L1

norm can be given as

κ1 = ‖S1‖1‖S1
−1‖1 =

d∑
i=0

(
d
i

) d∑
i=0

(
d+i−1

d− 1
)

= 2d

(
2d+1

d

)
Conditioning of the step 3 is the worst possible [6]. This poor conditioning,
however, does not seem to cause too much problem numerically. Results from
preliminary numerical testing show good performance. More extensive numeri-
cal testing is currently being performed.
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