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Abstract

With a well-known formulation as a multiple variable
polynomial, algorithms for matrix permanent are
considered with automatic differentiation. Introduc-
ing a concept of ”commutative quadratic nilpotent
elements” with definitions of addition/multiplication
operation, it is shown that the permanent can be
computed straightforwardly as a variation of imple-
mentation of automatic differentiation.

Given several ways for transforming the multiple
variable polynomial into univariable polynomial, an
algorithm that computes the value of permanent with
computation of residue, or digital Fourier transforma-
tion is introduced. Its computational complexity is
O(n2™) which is as same as that of the best known
Ryser’s algorithm.

keywords: Automatic Differentiation, Permanent

1 Introduction

Since the computation of permanent of n-
dimensional square matrix A = (a;;), per(4) =
Yoo et Ghotr)y = 20 10(1)020(2) * ** Gno(n) Was
shown as #P-complete where ¢ runs all the permu-
tations for {1,2,---,n}, the direction of researches
on permanent was moved to the computation of
approximate values of permanents [1, 3, 4, 6, 8, 9, 10].

The Ryser’s algorithm for exact value of perma-
nent is well-known as the best algorithm of which
complexity is O(n2") [7], however, another formula-
tion with multiple variable polynomial is also popular
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which is simple and easy way to compute permanent
with symbolic manipulation systems.

In this paper, without symbolic manipulation sys-
tems, we introduce a straightforward algorithm of
permanent with automatic differentiation that can be
used for differentiating multiple variable polynomials.

Then, providing several ways for transformation of
the multiple variable polynomials into uni-variable
polynomials, we consider numerical computations
with the Taylor series. Giving several ways for the
transformation, we show a uniqueness condition re-
quired for the transformation.

Furthermore, in order to represent naturally the
sparsity of the coefficients of the differentiation,
we introduce “commutative quadratic nilpotent el-
ements” into multiple variable polynomials as inde-
terminates. Showing an implementation of the com-
mutative quadratic nilpotent elements, it can be re-
garded as a kind of automatic differentiation and also
regarded as an implementation of another method of
permanent explained by D.E.Knuth][7].

1.1 Formulation with multi variable
polynomial

According to the definition of permanent, it is well
known that the permanent can be represented as the

coefficient of the factor zizs - - - z,, in the polynomial
defined by

n

flay, e, - zn) = H(aulﬁ + aina + -+ appxy).

i=1
(1)
Thus,

an
per(4) = 0x10x2 +++ 02y, (2)

f(‘rlaan"' axn)



is a method for computing the value of the permanent
and it can be naturally and easily computed with
automatic differentiation.

On the other hand, in order to compute the same
coefficient of f(x1,---,2,), the method that eval-
uates f at 2" points represented by {0,1}™ is well
known as Ryser’s form

per(A) = (-1)" > (=DM ai.

s€2{1.2,..,n} i=1 j€s

It can be computed in O(n2™) with Gray-code tech-
nique and it is the best known algorithm for exact
value of the permanent.

2 Formulation with transfor-
mation to uni-variable poly-
nomial

Here, considering n non-negative integers i, s,

---, «p, we substitute z% for z; and transform
f(z1,--- ,zy,) into f(x) defined by

n
f@) = [Jlanz® + apa® + - + aga®).
=1

(3)

Note that the following condition is very important
for choosing the integers a; (i = 1,--- ,n).

Condition 2.1 uniqueness condition on o, ---,
ay: Chose one value from {aq,--- , a,} and repeat n
times. Denote the k-th chosen value by By. Note that
Br may be equal to By (¢ #k). Let . = 1 | .

If and only if 22:1 Br. = a, the sequence of (1,
<o+, Bpn is a permutation of the sequence of oy, < -,
Qn. In other words, when 22:1 Br = a., there are
no indices k and (# k) such that B = B¢

When the above uniqueness condition is satisfied
on ay, -+, (y, the coefficient of %+ of f(z) gives the
value of per(A).

In the following, we show some sets of «;’s that
satisfy the uniqueness condition.

Lemma 2.1 Without loss of generality, we can as-
sume ap < ag < --- < an. The set of a; defined by
a; = 2071 satisfies the uniqueness condition.

Corollary 2.1 The set of «; ’s defined by o;; = 2071 —
1 (i = 1,---,n) satisfies the uniqueness condition
2.1.

Corollary 2.2 For arbitrary integer p, the set of «;
defined by a; = p'~ ! satisfies the uniqueness condi-
tion 2.1.

Note that the highest degree of the polynomial for
the computation of the permanent is equal to na,.

3 Methods

3.1 Automatic differentiation

On automatic differentiation [2, 5], the following is a
brief note related to this report.

Given a program that computes a value of a func-
tion, automatic differentiation is a method for gener-
ating /transforming programs that compute the val-
ues of the derivatvies of the function. There are two
styles for implementation, one is precompiler and the
other is library program that provides a kind of op-
erator overloading.

There are also several methods to differentiate
higher order derivatives with many variables. One
of the simplest ways is repeated applications of pre-
compilers to the derived programs. Designing a class
for operator overloading with mechanism like C++
template, we can define a class for differentiation like
ad<double>, then define another class for the second
differentiation ad<ad<double>>, and so on.

For uni-variable polynomial, the computation of
Taylor series is the method of the very automatic
differentiation.

3.2 Commutative quadratic nilpotent
element
The target value as the permanent is only the coef-

ficient of a factor xizs - - -z, in the multiple varialbe
polynomial defined by eq.(1). In the intermediate



computation of this coefficient, any factor that con-
sists of a quadratic of some x; is not needed. Thus,
we can consider an algebra where every factor that
consists of a quadratic of some indeterminate is re-
placed to 0.

That is, introducing a set of n indeterminates &,
&2, -+-, &, such that, they are commutative §;§; =
&& (i=1,--- ,n,j=1,--- ,n), and quadratic nilpo-
tent & =0(i = 1,---,n), we consider a kind of poly-
nomial of these &;’s.

With this algebra, we can eliminate the terms and
factors in the computation and expansion of the poly-
nomial eq.(1) and we can save the computational
time and space. That is, with an implementation
of this algebra, we can represent the expanded term
of (a1&1 + asés+ -+ - +anéy)* by the (Z) non-zero el-
ements. Note that the number of non-zero elements
is "*Zﬁl with the conventional symbolic manipu-
lators.

3.3 Residue, DFT

In this report, the main problem is to compute pg of
p(x) =po+prz+per®+---+put (3=2"—-1,0=
n2"~1). Therefore, it can be computed as the residue
of the regular function defined by p(z)/z%%1, that is

P =5t § Bde.
With z = ¢, we have pg = ﬁfﬁﬁ(ﬂdz _
= OQWp(ei") e 09dp. Defining g(0) = p(e'?) - 109,

we have pg = 5= fo% g(0)do.

Approximation of this integration with N-point
trapezoidal quadrature is equivalent to the N-point
Discrete Fourier Transformation. Thus, when N is
larger than /, it is equivalent to the DFT of N coeffi-
cients of p(z) so that we have pg = 5= g:_ol g(%k)-
2r — LSV 1 g(35k). (The value of N may be re-
duced according to the property of p(z) and 3.)

4 Algorithm

In the following, algorithms for permanent are ex-
plained, where A = (a;;) is an n-dimensional square
matrix.

Algorithm 4.1 (multiple variable polynomial)
Differentiate eq.(1) with automatic differentiation
straightforwardly.

Algorithm 4.2 (uni-variable polynomial) With
Taylor series on eq.(3), compute the coefficient of
2% for oy =271, o, =27 — 1.

Algorithm 4.3 (commutative quadratic nilpo-
tent element)

We use n commutative quadratic nilpotent ele-
ments &1, - -, &, instead of x1, -+ -, T, Tespectively,
according to §3.2. The commutative quadratic nilpo-
tent elements are implemented as instances of a class
with overloaded multiplication and addition.

Algorithm 4.4 (Computation of residues)
Defining a function g(0) = f(e')e 12" =10 compute

Pa. = & A g(3k) (N is given as follows).

Lemma 4.1 (Appropriate N) Assume that o}s
are given i lemma 2.1. Although degree of the orig-
inal polynomial is n2" 1, N = 2" gives the ezact

. _ 1 N 2m
value of the permanent: per(A) = %>, 9(5k),
i.e., N = 2™ does not cause of the alias on the coef-
ficient of "1 with DFT/FFT.

Algorithm 4.5 (Mixed algorithm) This is a
mized algorithm for eq.(3) wusing commutative
quadratic nilpotent element and FFT. Let ny =
[(n+1)/3]. First, compute three products s1, sa, S3:
s1 = H?il(zgll aij&j), s2 = H?Z7111+1(Z?:1 aij&;),
S5 = H?:Qmﬂ(zz-l:l a;i;&;)- Secondly, trans-
form s;(&1,--- , &) into si(x) by replacing & with
22, Thirdly, compute 2" -dimensional vectors §;
corresponding to DFT of s;(x) with FFT. Finally,
computing a vector § as the component-wise product
of 81, 82 and 83, compute the reverse FFT of § and
get the coefficient of z2" 1.

IThe permanent can be computed as f(x1,22, - ,Tn) =

3
S1 - 82 - 83, but it needs O(<n73) ) operations.



5 Comments and conclusion

5.1 Higher order differentiation with
multiple variables

The automatic differentiation for multiple variables
can be easily implemented with operator overloading
features in C++, however, it does not seem so flexible
for changing the number of variables. (With a kind
of symbolic manipulators it is quite easy to derive the
permanent, of course.)

For taking account of the sparsity of the deriva-
tives, use of commutative quadratic nilpotent ele-
ments is better than the original differentiation of
polynomial of multiple variables.

5.2 Use of Taylor series

The transformation into uni-variable polynomial is
simple, so that the use of Taylor series is also simple
and easy to compute the value of permanent. Fur-
thermore, changing the data structure of the coeffi-
cient of Taylor series, for example use of bool data
type, it can be used for the decision problem whether
the value of the permanent is zero or not.

But there is a big weak point for the use of Taylor
series. The multiplication of two N th order Tay-
lor series requires O(N?) arithmetic operations with
naive implementation, or O(N log N) arithmetic op-
erations with FFT.

5.3 Transformation into uni-variable
polynomial

We gave several sets of o;’s for replacing x; with x®
in order to transform the multiple variable polyno-
mial eq.(1) into uni-variable polynomials. There are
other sets satisfying the uniqueness condition 2.1. For
some small n, sets of «;’s that satisfy the condition
are shown in Table 1

For the sets of «;’s, the next lemma, is curious.

Lemma 5.1 For any n, if there exists a function
(polynomial) p(n) such that there is a set of a;’s
(v < ag < -+ < oy, < p(n)) satisfying the unique-
ness condition 2.1, the value of the permanent can be
computed with O(n®p(n)) arithmetic operations.

Table 1: set of «;’s satisfying the uniqueness condi-
tion

The sets whose largest number is the smallest in the
same 7.

n
310 1 3

410 1 4 6

510 1 5 11 13

60 2 10 21 22 26
710 1 5 21 43 45 53

5.4 Computation of Residue

Since the degree of the polynomial is very large, the
integrand should be integrated along with z = elf.
And the integration of cyclic function on a whole
cycle should be computed with trapezoidal rule at
equidistant points.

Although ¢(0) in eq.(4.4) consists of components
of very high frequencies, other numerical integration
schemes may be considered for integration of g(#) in
order to reduce the number of the N-points. In this
case, the resulting value is an approximation of the
permanent with some truncation errors. More inves-
tigations may be needed along with this direction.

5.5 Conclusion

We show algorithms for computing exact value of the
permanent with the technique of automatic differen-
tiation. Introducing commutative quadratic nilpo-
tent elements, we give another algorithm similar to
that with automatic differentiation. Mixing the com-
mutative quadratic nilpotent elements and FFT, we
show an algorithm for exact permanent with O(n2")
arithmetic operations that is equal to the complexity
of Ryser’s algorithm known as the best algorithm of
permanent.
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