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Introduction

High-performance algorithms for PDE-constrained optimization [7] require derivatives of the residual with respect to
the design variables. These derivatives are not available from most PDE codes, so to obtain derivatives from an existing
code one must apply automatic differentiation (AD) to the code. One alternative approach is to write a new code where
low-level calculations are templated on a AD-enabled scalar type [3]. Another approach, which we consider here, is
represented by the Sundance project [4, 6], in which a PDE is specified in terms of a high-level symbolic language.
That symbolic representation can then be differentiated to obtain the gradients required in optimization.

While Sundance has proven successful for many optimization problems (e.g., [1, 4]), it was discovered that its symbolic
differentiation scheme suffered from a combinatorial explosion for sufficiently complicated equation sets because it
relied on explicit symbolic expansion of derivatives. It was suggested to us by Roscoe Bartlett [2] that “there ought
to be a way to use AD to do the symbolic differentiations in Sundance.” In this paper we show how to formulate the
discretization of a PDE, or more generally a PDE-constrained inverse problem, such that automatic differentiation can
be used in connection with the symbolic problem representation used in Sundance. As will be seen, what is needed
for this application is automation of functional differentiation, and when a problem includes spatial derivatives we
must use a modified form of AD that can handle the interaction between spatial derivatives and functional derivatives.
We call this method automatic functional differentiation (AFD). In Sundance we begin with a complete symbolic
representation of the problem, so we have at hand a great deal of information that can be used to make AFD calculations
very efficient: for instance, we know in advance the Hessian’s sparsity structure at every node in the expression tree.

While it is well-known that PDEs based on a variational principle can be discretized in terms of functional deriva-
tives, our conclusion that the discretization of any PDE can be achieved through functional differentiation is perhaps
surprising.1 Therefore, in the next section, we explain the foundations of this method in some detail.

Obtaining discrete equations through functional differentiation

The weak form of a forward PDE problem will be, in a very abstract form,���������
	���
����
����� � ������������� �!���#"����$"%�'&(	��*)
(1)

1This fact was recently rediscovered independently by Kirby and Knepley using a somewhat different approach. [5]
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In the case of a linear PDE (or one that has already been linearized with some alternative linearization such as Oseen),
the “linearization” would be done about
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or in a more compact notation] 
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where
e f�o U � � indicates the functional derivative of

� �
with respect to the function

�="��
. The two bracketed quantities

are the load vector
- 1

and stiffness matrix p 1 9 , respectively.

With this approach, we can compute a stiffness matrix and load vector by quadrature provided that we have computed
the first and second order functional derivatives of

� �
. Were we free to expand

� �
algebraically, it would be simple to

compute these functional derivatives symbolically, and we could then evaluate the resulting symbolic expressions on
quadrature points. We have devised an algorithm and associated data structure that will let us compute these functional
derivatives using a variant of AD at the symbolic level, saving us the combinatorial explosion of expanding

� �
.

Finally, we note that the method above generalizes immediately to the calculation of gradients required in PDE-
constrained optimization.



Automatic functional differentiation

We have reduced discretization of a PDE, or more generally of a PDE-constrained optimization problem, to the eval-
uation of functional derivatives such as

ebf\h U � . The main complication in this task is that the arguments of these
functional derivatives may not be exhibited explicitly in an unexpanded expression. For example, the expression���;�2���Dq0�2���Dq�q0�(	r�s�Dqut �%-(�Dq���v

(8)�F-:�C� q �(	 S Q �6� q -w� q � Q �%-w� q�q �
(9)

will have nonzero functional derivatives with respect to
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does not appear explicitly in
unexpanded form of the expression. Since we have forbidden ourselves from expanding our expressions, we must
generate these implicit spatial derivatives on the fly during the process of automatic differentiation.

Calculation of Spatial Derivatives

The relationship between spatial derivatives and functional derivatives is given by the multivariable chain rule,� qmyCz �*e qmyZz Q 
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Note the presence of a functional derivative with respect to a coordinate function
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where P "��� � is the Kronecker delta. This process can be extended to higher derivatives.

Practical Implementation in a Finite-Element Code

With the above rule for functional differentiation of a spatial derivative operator, we are able to regard spatial differen-
tiation as one more “atomic operation” in an expression tree, alongside the usual operations of addition, subtraction,
multiplication, division, and function composition. Thus it is possible to evaluate functional derivatives concurrently
with evaluation of the expression as in forward-mode AD. Since the calculation of functional derivatives can be done
in a single top-down pass through the unexpanded expression tree, the complexity of evaluating functional derivatives
will clearly scale linearly with the number of nodes in the expression tree. This linear scaling has been confirmed in
our initial experiments with AFD in Sundance.

Several steps may be taken to improve the efficiency of an AFD calculation. First, as noted above, when implemented
in a symbolic system such as Sundance where a data structure for the expression tree is formed explicitly, the structure
of the tree can be preprocessed to identify the sparsity structure of the Hessian at every node. Second, because in
any nontrivial case the calculation of the stiffness matrix and load vector will require quadrature, it is advantageous to
batch-process the derivative calculation over quadrature points (and indeed, over many elements at a time) to amortize
the overhead of walking the tree.

In principal, this method could be used in any finite-element code structured such that a problem developer provides
functions to evaluate the physics-dependent coefficients of combinations of basis functions. We have redesigned
Sundance to use AFD for the evaluation of its symbolic expressions and their derivatives, and are in the process of
defining an interface allowing other finite-element codes to use Sundance’s symbolic engine to acces AFD capability.



Conclusions and Further Applications

We have developed a novel approach to finite-element discretization in which we obtain stiffness matrices, load vec-
tors, and their gradients through a generalization of AD that can compute implicit spatial derivatives in the course of
a calculation. This method gives us the linear algorithmic scalability of AD in a code that uses a symbolic problem
description, and facilitates the development of differentiable codes for PDE-constrained optimization.

Finally, we note that while this paper has concentrated on finite-element methods, the AFD algorithm itself, in particu-
lar the mixing of spatial and functional derivatives, is independent of the discretization used, and can be applied to any
problem in which it is necessary to obtain both spatial and parametric derivatives in an efficient way. In particular, one
could imagine writing a finite-difference code in which AFD is used to identify and differentiate the coefficients of
each finite-difference stencil. Beyond the field of PDEs entirely, AFD could be used for efficiently evaluating the com-
binations of spatial and parametric derivatives required in minimizing the energy of molecular configurations given
parametrized interaction potentials.
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