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Abstract

We study two aspects of the vertex elimination algorithmetcalating Jacobians. First, we used Markowitz-
like heuristics aiming at minimising the number of oatimpgint operations to nd elimination sequences and
then generate the Jacobian code. Second, we used the depttaversal algorithm to reorder the statements
of the Jacobian code so as to reduce the number of memorysasce®n RISC processors, we observed
that for in-cache data, the number of oating point openasigives a good estimate of the execution time,
while for out-of-cache data, the execution time is domiddig the memory accesses. We also present a
statement reordering scheme based on ranking functionshwiill enable the exploitation of the instruction
level parallelism of such processors and maximise perfooea

1 Introduction

Many scienti ¢ applications require the rst derivativet(iast) of a functiorf : x 2 R" 7 y 2 R™
represented by a computer program. This can be obtained Asitomatic Differentiation(AD)[8]. Typically,
from the program, we can rst, build up the computationalgiraf the functiorf as a directed acyclic graph
G=(V;E), whereV isthe set of vertices andE, the set of edgew; ; vi). A vertexv; represents an instruction
of the original code; an eddg; ; vi) 2 E; the data dependence relationshifromv; tov; meanings; depends
onv;. We havgVj=n+p+m=N wheren; p; m are respectively the number of input, intermediate andwiutp
vertices. Second, we lineari&by attaching its edges with local partial derivatives. Hinave eliminate, in
some order, all intermediate vertices s@xis rendered bipartite. We refer this process av#réex elimination
approachand can be foundin [4, 8, 13].

As detailed in [4, 8], the grap® can be viewed asld N sparse lower triangular matr&=( ¢; ) called
extended Jacobiamhe Jacobiad can be obtained by solving a rather large linear system ssintg form of
Gaussian elimination.

Since the numbep of intermediate vertices tends to be enormous even in mediged applications,
the performance of the vertex elimination algorithm can kgrdded by Il-in. The oating point opera-
tions( ops) performed, and the lI-in, are determined byetkelimination sequence. The question one would
ideally like to answer is “Which elimination sequence gives thedsistode on a particular platform?”. As
a platform-independent approximation to this problem o sk “Which elimination sequence minimises

[I-in [respectively op-count]?”. The Il-in problem wasshown to be NP-complete in [17] and we suspect the
same holds for the op-count problem. Therefore, in practmear-optimal sequence must be found by some
heuristic algorithm. Our premiss is that such sequencewalt to generate faster Jacobian code.

Goedecker and Hoisie [7] report that performance of nuraflyiintensive codes on many processors is a
low percentage of nominal peak performance. There is a gayelba CPU performance growth (around 55%
per year) and memory performance growth (about 7% per y8hrY¥p enhance performance, memory traf c
appears be the hurdle to overcome. In this paper, we studgdpects of the vertex elimination algorithm. First,
we study how the number of oating point operations ( ops)tire Jacobian code relates to its performance
on various platforms. Second, we study how reordering theestents of the Jacobian code affects memory
accesses and register usage.



For that purpose, we generated Jacobian codes using Mdzklike strategies and statement reordering
and inspected the assembler from different processors @amgiters. We studied how the execution time is
affected by the the number of ops, and of memory traf ¢ (Ieahd stores). We observed:

A reordering of statements of the code can improve the paidace of the Jacobian code by a signi cant
percentage when this reduces the memory traf c.

For in-cache data, the execution time is dominated by thebeurof oating point operations and a
reduction of oating point operations gave further perf@mee improvement.

For out of cache data, the execution time is dominated by dineber of load and store operations and a
reordering that reduced these memory access operatioanethJacobian code's performance.

Similar behaviour is found in other analyses of numericalex) see for example [7]. This paper presents the
argument in a context of semantic augmentation of numecmaés as it is done in AD of computer programs.
We also describe planned work to improve performance ofhlanaode, produced by vertex elimination, by
reordering the statements following standard instrucsicireduling algorithms.

2 Heuristics

Over the past four decades, several heuristics aimed atipirgglelimination orderings with low Il have been
investigated. These algorithms have the desired effeatsdafcing work as well. The most widely used are
nested dissectiof8, 5] andminimum degree The latter originated with th&larkowitz method11] and is
studied for example in [1]. Nested dissection, a recursigerahm, starts by nding ealanced separator
That is a set of vertices that, when removed, partition tlawlgiinto two or more components composed of
vertices which, when eliminated, do not create Il-in in apfythe other components. The vertices are ordered
in each component and the vertices in the separator at thélbegrocess is then repeated on the components.

On the other hand, Markowitz-like algorithms, unlike nesthssection that examines the entire graph
before reordering it, perform local optimisations. At eatimination step, they select a vertex with minimum
cost in some sense, eliminate it and look for the next veri#ix mvinimum cost in the new graph.

We applied various elimination sequences, with the namesa¥d, Reverse, Markowitz, VLR, Markowitz
[resp. VLR] with Pre-elimination as described in [4, 13] t@ghs obtained using statement level (SL) and code
list (CL) differentiation [4, 16]. We studied performancéhvand without applying statement reordering as
described in Section 4, see [16].

3 Performance Analysis

We consider two of the test problems reported in [4]: the Hurdaart Dipole (HHD) from the Minpack 2
test suite and the Roe ux calculation (ROE) [15]. These irg were differentiated usingtAFoR [2] and
TAMC [6] and via the AD tool EIAD [4, 16] using the heuristics listed in Section 2. All theedhian codes
were compiled on different platforms with maximum optintisa level, and run for a number of times carefully
calculated for each platform [4]. To assess the performameatudied the assembler from different platforms,
counting the number of loads, stores and oating point op@na. We then modelled the execution time in
terms of loads and stores and oating point operations. feiduand Figure 2 show the results of our study.

In Figure 1 and Figure 2, ULTRA10 represents the SUN Ultra dd@cessor with 440 MHz, 32 KB L1
cache, 2 MB L2 cache, and using the Workshop f90 6.0 Compi&Gt the R12000 processor, 300 MHz,
64KB L2 cache, 8 MB L2 cache, and using the f90 MIPS Pro 7.3 dlempOn the abscissa axis, the range
1 4 are forward and reverse orderings using SL and CL diffea¢ioti; the rang® 8 the same heuristics
preceded by pre-elimination of vertices with single susoeghe rang® 12are the heuristics 8followed
by statement reordering; the rant@ 16represents Markowitz and VLR using SL and CL differentiafithe
rangel7 20arel3 16followed by statementreordering, the rai&fe 24are respectivelidand-coded
ADIFoR(forward), Tamc(forward) and BmcC(reverse).

The observed tim©bs-Timeis the CPU time obtained by averaging a certain number oiatiains and
runs, see [4] for details. l& is the number of oating point operationb,the number of loads and stores,
ki; ka respectively the number of oating point operations and rogymaccesses performed per cycle, we



Figure 1: Performance modelling of the execution time: Rasec

Figure 2: Performance modelling of the execution time: HHBe



calculated the following quantities: the estimated tiEst-Time =max(a=k;; b=k) cycle time the Flops-
Time =a=k; cycle timeand theLS-Time =b=k cycle time The Ultra 10 processor can perform up2o
oating point operations per cycle with a latency#tycles andl load orl store havin@ cycles latency, and
uses in-order execution [10] of instructions.

The R12000 can perform up ® oating point operations per cycle, memory access (load/store) both
having a latency o2 cycles, and uses out-of-order execution [7, 10] of instounst

Figure 1 shows that the execution time is dominated by the ongarccess time, which coincides with the
estimated time. The observed time is closely approximagetid estimated time multiplied by the latency of
memory access operations. Moreover, the statement réogdeerformed better when it reduced the number
of memory accesses. Figure 2 represents results from a @s@tlase, which ts into the L1-cache. Though,
we observed that memory accesses have played a centrabublienportantly, a reduction of oating point
operations affected the overall execution time and thabbserved time is closely approximated by Eep-
timemultiplied by the latency of the oating point operation.

4 A Statement Reordering Scheme

The generated Jacobian code to calculatencludesf's original code as well as statements to compute the
local derivativesj that are the nonzeros @f before elimination. But the bulk of it islimination statements

of one of the forms;; = ck G orc; = ¢j + Ci Cqj . The statements can be reordered in any way that respects
dependencies, i.e. if statementdepends on statemesy, thens, must preceds;. This de nes the Jacobian
code's data dependency gra@f= (V% E9, whereV %is the set of statements.

In [4, 16], we used a statement reordering algorithm (SRA) siagia depth- rst traversal o&° — that
for eachs; 2 V9 tries to place thes,'s on whichs; depends, close ts;. It was hoped this would speed
up the code by letting the compiler perform better registzrge since, in our test cases, cache misses were
shown not be a problem [16]. The bene ts were patchy, propbabtause this does not take account of the
instruction-level parallelism (ILP) of modern cache-tshsgachines and the latencies of certain instructions.

In this work, we plan to exploit ILP by a SRA that gives prigrib certain statements via a ranking function.
The compiler's optimisations work on a dependency gréffwhose vertices are machine-code instructions.
We have no knowledge d&8%°so we shall work orG% We shall use the combined register and instruction
scheduling approach used in for instance [12], and the ngrikinction ideas of [10, 14]. Our ranking function
uses the assumptions that operations, which have moressacsend which are located in a longer path should
be given priority, being likely to execute with a minimum agland to affect more operations in the rest of the
schedule. The rank of a vertex2 V°is a weighted sum of heig(s), the length of the longest path out sf
and suc¢s), the number of successorsofWe plan to implement this reordering scheme and assesspeci
on the overall performance of the vertex elimination altfori in calculating Jacobians.

5 Conclusions and Further Work

We have presented a detailed performance analysis of dacodiculations using the vertex elimination algo-
rithm. We have shown that for in-cache data the executioa ticorrelated with the number of oating point
operations whereas for out-of-cache data it is correlafdttive memory accesses. We pointed out that though
the vertex elimination algorithm reduced the number of ingtpoint operations, it should be coupled with
instruction scheduling heuristics to enable ILP expl@tabf modern processors, reducing memory accesses
and maximising performance.

We described a statement reordering scheme based on rdakitgpns. We plan to implement it and test
it using medium-sized problems on a range of RISC processors

Acknowledgements

This work was supported by EPSRC and UK MOD under grant GR8B21The authors would like to thank
Prof. J.K. Reid for enlightening discussions and commelndsitthis work.



References

[1] P. Amestay, T. Davis, and I. Duff. An approximate minimuaiagree ordering algorithn8IAM J. Matrix
Anal. Applic, 17(4):886—905, 1996.

[2] C. H. Bischof, A. Carle, P. Khademi, and A. Mauer. ADIFOR2Automatic differentiation of Fortran
77 programslEEE Computational Science & Engineerirg(3):18-32, 1996.

[3] C. Bornstein, B. Maggs, and G. Miller. Tradeoffs betwgzarallelism and Il in nested dissection. In
SPAA'99 ACM, 1999.

[4] S. Forth, M. Tadjouddine, J. Pryce, and J. Reid. Jacobdate generated by source transformation and
vertex elimination can be as ef cient as hand-codiAG:M Trans. on Math. SoftTo appear 2004.

[5] J. George and J. Liu. An automatic nested dissectionriilgo for irregular nite element problems.
SIAM Journal of Numerical Analysi5:345-363, 1978.

[6] R. Giering and T. Kaminski. Recipes for adjoint code domstion.ACM Trans. on Math. Soft24(4):437—
474, December 1998.

[7]1 S. Goedecker and A. Hoisi®erformance Optimization of Numerically Intensive Cod&#\M Philadel-
phia, 2001.

[8] A. Griewank. Evaluating Derivatives: Principles and Techniques of Aitionic Differentiation Num-
ber 19 in Frontiers in Appl. Math. SIAM, Philadelphia, Perz000.

[9] W. Gropp, D. Kaushik, D. Keyes, and B. Smith. Improvingtpreformance of sparse matrix-vector
multiplication by blocking. Technical report, MCS DivisipArgonne National Laboratory.
www-fp.mcs.anl.gov/petsc-fun3d/Talks/multivec_siamO 0_1.pdf

[10] C. Hardnett, R. Rabbah, K. Palem, and W. Wong. Cacheitsenimstruction scheduling. Technical
Report CREST-TR-01-003, GIT-CC-01-15, Center for Resear&mbedded Systems and Technologies,
June 2001.

[11] H. Markowitz. The elimination form of the inverse and @pplication Management Scienc®:257-269,
1957.

[12] R. Motwani, K. Palem, V. Sarkar, and S. Reyen. Combimayister allocation and instruction scheduling:
(technical summary). Technical Report TR 698, Couranitlrtst July 1995.

[13] U. Naumann.Ef cient Calculation of Jacobian Matrices by Optimized Aipption of the Chain Rule to
Computational GraphsPhD thesis, Technical University of Dresden, June 1999.

[14] K. Palem and B. Simons. Scheduling time-critical instions on RISC machine®a\CM TOPLAS5(3),
1993.

[15] P. L. Roe. Approximate Riemann solvers, parameterorecand difference schemek®urnal of Compu-
tational Physics43:357-372, 1981.

[16] M. Tadjouddine, S. A. Forth, J. D. Pryce, and J. K. ReicerfBrmance issues for vertex elimination
methods in computing Jacobians using automatic diffesinti. In P. M. Sloot, editoiRProceedings of
the Second International Conference on Computationalrejezolume 2 ofLNCS pages 1077-1086,
Amsterdam, 2002. Springer-Verlag.

[17] M. Yannakakis. Computing the minimum ll-in is NP-cortgie. SIAM J. Alg. Disc. Meth.2(1):77-79,
1981.



